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Maximum Genus, Girth and Connectivity
DEMING LI AND YANPEI LIU
In this paper, the lower bounds of maximum genera of simplicial graphs under the constraints of
girth and connectivity are discussed extensively. A complete picture on the lower bounds of maximum
genera of graphs is formed. There are infinitely many graphs with the maximum genera attaining these
lower bounds.
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1. INTRODUCTION
The graph considered here is finite and undirected. Its minimum valence is at least three.
A graph is simplicial if it contains neither multiple edges nor self-loops. It is cubic if it is
3-regular, i.e., every vertex in the graph is 3-valent. A cut vertex of a graph G is a vertex that
will disconnect the graph if it is removed from G. A graph is k-connected if the removal of
any k − 1 vertices of the graph does not disconnect the graph. The girth of a graph is the
number g of edges in the smallest cycle. A graph with valence k, girth g, and such that there
are no smaller graphs with the same valence and girth, is called a (k, g)-cage. In this paper,
only (3, g)-cages are considered. Obviously, if g ≥ 3, the graph is simplicial.
The maximum genus, γM (G), of a connected graph G is the largest integer k such that
there exists a cellular embedding of G in the orientable surface of genus k. Recall that any
embedding of G has at least one region. By the Euler polyhedral equation, the maximum genus
of a graph has the upper bound γM (G) ≤
⌊β(G)
2
⌋
, where β(G) = |E(G)| − |V (G)| + 1, is
the cycle rank or Betti number of G.
A graph G is up-embeddable if γM (G)=
⌊β(G)
2
⌋
exactly. The study of the maximum genus
of a graph was inaugurated by Nordhause, Stewart and White [12]. From then on, various
classes of graphs have been proved up-embeddable. Xuong [15] characterized the maximum
genus in terms of the number of odd components of the complement of a spanning tree.
Combining this characterization and a result of Kundu [8], every 4-edge-connected graph is
up-embeddable. However, there are examples of 3-edge-connected (also 3-vertex-connected)
graphs that are not up-embeddable (cf. [7]).
There are two equivalent characterizations on the maximum genus of a graph, due to Xuong
and Nebesky, respectively. The characterization of Nebesky [11] is in terms of an edge cut set
of the graph. The two are mutually dual to one another.
Let T be a spanning tree of a connected graph G. The edge complement G − T of the
spanning tree T is called a cotree. A component H of G − T is called an odd component
if H has an odd number of edges; otherwise, it is called an even component. The deficiency
ξ(G, T ) of a spanning tree T of a connected graph G is defined to be the number of odd
components of G − T . The deficiency ξ(G) of a graph G is the minimum of ξ(G, T ) over all
spanning trees T . A spanning tree T of G is called an optimal tree if ξ(G, T ) is equal to ξ(G).
THEOREM 1.1 (XUONG [15]). Let G be a connected graph. Then:
(1) G is up-embeddable if and only if ξ(G) ≤ 1;
(2) γM (G) = β(G)−ξ(G)2 .
Let A be a subset of E(G). Let c = c(G − A) be the number of components of G − A, and
let b = b(G − A) be the number of components of G − A with odd cycle rank.
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THEOREM 1.2 (NEBESKY [11]). Let G be a connected graph. Then:
(1) G is up-embeddable if and only if c(G − A)+ b(G − A) − 2 ≤ |A|, for any subset A
of E(G).
(2) ξ(G) = maxA⊂E(G){c(G − A)+ b(G − A)− |A| − 1}.
Let F1, F2 be two vertex-disjoint subgraphs of G. E(F1, F2) denotes the set of edges in
which each edge has one end in F1 and the other in F2. We use E(F,G) instead of E(F,G\F)
for brevity.
THEOREM 1.3 ([6, 9]). Let G be a connected graph. If G is not up-embeddable, then there
exists a subset A of E(G) such that the following holds:
(1) c(G − A) = b(G − A) ≥ 2;
(2) for any two components F1 and F2 of G − A, |E(F1, F2)| ≤ 1;
(3) ξ(G) = ξ(G, A) = c(G − A)+ b(G − A)− |A| − 1.
For other undefined terms related to embeddings, see Gross and Tucker [3].
This paper is organized as follows. Section 2 investigates the structural properties of non-
up-embeddable graphs and derives upper bounds of deficiency. Section 3 studies the lower
bounds of maximum genera of cubic graphs with specific girth and connectivity as constraints.
Section 4 concludes that the results in Section 3 hold for general graphs as well.
2. MINIMUM EDGE CUT AND UPPER BOUND OF DEFICIENCY
Let G be a connected graph and A be a subset of E(G). If ξ(G) = ξ(G, A), A is called
an optimal edge cut of G. With one more condition b(G, A) = c(G, A), such an A is an odd
optimal edge cut. Obviously, an odd optimal edge cut exists if ξ(G) ≥ 2. Let A be an odd
optimal edge cut of G. If there is no other odd optimal edge cut A′ such that |A′| < |A|, then
A is a minimum odd optimal edge cut of G.
THEOREM 2.1. Let G be a graph with ξ(G) ≥ 2 and A be an odd optimal edge cut. Then
the deficiency of each component of G − A is exactly one.
PROOF. By the definition of an odd optimal edge cut, each component of G − A has odd
cycle rank, so the deficiency of each component is at least one.
Assume on the contrary that H is one component of G − A such that ξ(H) ≥ 2. By
Theorem 1.3, there exists an odd optimal edge cut B of H . Let A′ = A∪B. Then b(G−A′) =
b(G−A)+b(H−B)−1, c(G−A′) = c(G−A)+c(H−B)−1, and c(G−A′) = b(G−A′).
ξ(G, A′) = ξ(G, A)+ ξ(H, B)− 1 = ξ(G)+ ξ(H)− 1 > ξ(G), contrary to the assumption
that A is an odd optimal edge cut of G. 2
THEOREM 2.2. Let G be a connected graph and A be a minimum odd optimal edge cut of
G. Then each component of G− A is up-embeddable and the number of components of G− A
is the least one.
PROOF. By Theorem 2.1, all components of G − A are up-embeddable. Suppose A′ is
another minimum odd optimal edge cut of G, then |A| = |A′|. On the other hand, ξ(G) =
ξ(G, A) = ξ(G, A′) and 2c(G− A)−|A| = 2c(G− A′)−|A′|, then c(G− A) = c(G− A′).
That is to say that the number of components of G− A, where A is any minimum odd optimal
edge cut, is the same. By ξ(G) = 2c(G − A)− |A| − 1, then c is the least one since |A| is the
smallest. 2
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Let H be a subgraph of G. G/H denotes the graph obtained from G after contracting H
into one vertex vH and deleting the loops incident with vH .
THEOREM 2.3. Let G be a connected graph. Let A be an odd optimal edge cut of G. Let
c be the number of components of G − A. If G is 1-connected, then ξ(G) ≤ c; if G is 2-
connected, then ξ(G) ≤ c− 1; if G is 3-connected, then ξ(G) ≤ c2 − 1. If the equalities hold
in the above cases, any such odd optimal edge cut is a minimum odd optimal edge cut of G.
PROOF. Suppose F is one component of G − A. Since G is connected, |E(F,G)| ≥ 1, so
|A| ≥ c − 1, and then ξ(G) = 2c − |A| − 1 ≤ c. If the equality holds, then |A| = c − 1.
Suppose H1, H2,. . . , Hc are the components of G− A, (((G/H1)/H2) . . .)/Hc is a connected
graph with c vertices and c− 1 edges which are elements of A. Then it is a tree and any edge
of A is one cut edge. By the definitions of deficiency and minimum odd optimal edge cut, any
odd optimal edge cut of G has c − 1 edges and must be a minimum odd optimal edge cut.
If G is 2-connected, |E(F,G)| ≥ 2, |A| ≥ c, then ξ(G) ≤ c − 1. If the equality |A| = c
holds, then (((G/H1)/H2) . . .)/Hc is a connected graph with c vertices and c edges. It is
unicyclic. The minimum valence is at least two, so it is a cycle. Hence, any odd optimal
edge cut of G with c edges will be a minimum odd optimal edge cut. If G is 3-connected,
|E(F,G)| ≥ 3, |A| ≥ 3c/2, then ξ(G) ≤ c2 − 1. If |E(F,G)| = 3 holds for each component
F of G − A, (((G/H1)/H2) . . .)/Hc is a 3-regular graph. 2
Let P be a condition and G be a graph satisfying P . Let SP denote the set of graphs satis-
fying the condition P . Let f (SP ) = min{γM (G),G ∈ SP }. A graph G is called a bounded
graph of SP if γM (G) = f (SP ). For instance, if P is 4-edge-connected or 4-connected, then
f (SP ) =
⌊β(G)
2
⌋
for every graph G in SP . All graphs in SP are bounded graphs. Now, let us
consider SP containing non-up-embeddable graphs.
Let G be a graph in SP . Let A be a minimum odd optimal edge cut of G. Let H be a
component of G − A. Let H ′ be another graph with deficiency one. The graph G ′ is obtained
from G by replacing H by H ′ if G ′ = A ∪ ((G − A) \ H) ∪ H ′ such that G ′ is also in SP .
THEOREM 2.4. Let G be a bounded graph of SP and A be a minimum odd optimal edge
cut of G. H is one component of G− A. Let H ′ be a connected graph with deficiency one and
β(H ′) > β(H). Let G ′ be obtained from G by replacing H by H ′ such that ξ(G) = ξ(G ′).
Then G ′ is not a bounded graph of SP .
PROOF. It is easy to get that β(G ′) = β(G) + β(H ′) − β(H). By Theorems 1.1 and 1.2,
γM (G ′) = β ′−ξ ′2 = γM (G)+ β(H
′)−β(H)
2 . G is an element of SP which is non-up-embeddable.
Assume f (SP ) =
⌊β(G)
t
⌋
, (t > 2), is the lower bound of maximum genus of SP . Then,
γM (G ′) = β(G ′)t + β(H
′)−β(H)
2 − β(H
′)−β(H)
t >
β(G ′)
t . Then G
′ is not a bounded graph
of SP . 2
If the deficiency is fixed, the graphs in SP with the smallest cycle rank have the smallest
maximum genus. Condition P determines the particular structure of bounded graphs in SP ,
which help us derive the lower bound of maximum genus of graphs in SP . That is our main
idea for this paper.
3. CONNECTED CUBIC GRAPHS
In this section, graphs are cubic. Let condition P be i-connected and girth be denoted by g
where i = 1, 2, 3; g = 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, respectively. In each case of P , the lower
bound of maximum genus of graphs in SP is given.
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THEOREM 3.1. Every (3, g)-cage graph is up-embeddable.
PROOF. If g = 2 or 3, the cage is a dipole graph and K4. The dipole graph has two vertices
and three edges between them. It is easily seen that they are up-embeddable. What is left is to
prove the case for g ≥ 4. Assume that the (3, g)-cage is not up-embeddable; by Theorem 1.2,
there is an odd optimal edge cut A of G such that 2c − |A| ≥ 3 holds. Each component of
G− A contains at least one cycle, which is incident with at least g edges of A, then |A| ≥ gc2 .
Then 2c − |A| ≤ 0. A contradiction. 2
It is known that a (3, g)-cage is the smallest cubic graph with girth g. Its cycle rank is the
smallest, so is its maximum genus under the girth condition. Due to every (3, g)-cage being 3-
edge-connected and up-embeddable, we derive the lower bound of maximum genus of graphs
in SP using cycle rank as the variable.
Let G be a bounded graph of SP . Let A be a minimum odd optimal edge cut of G. Let H
be a component of G − A. By Theorems 2.3 and 2.4, we only need to search for a smallest
component H of G − A, and then construct the bounded graph G. Let n be the order of G.
Firstly, let P be 2-connected and be the g girth, we then have the following theorem.
THEOREM 3.2. Let G be a 2-connected cubic graph with girth g. Let x be the order of a
(3, g)-cage H∗. If β(H∗) = 1, (mod 2), γM (G) ≥ x2(x+2)β+ x+42(x+2) ; if β(H∗) = 0, (mod 2),
γM (G) ≥ x−22x β + x+22x .
PROOF. Let G be a bounded graph of SP . Let H be the smallest graph with girth g, odd
cycle rank, and two 2-valent vertices in addition to 3-valent vertices. If β(H∗) is odd, H can
be obtained from H∗ by adding two vertices on one or two edges of H∗. The order of H is
x + 2. If β(H∗) is even, such an H can be obtained from H∗ by removing one edge, and the
order of H is x . By n(G) = cn(H) = 2(β − 1), ξ(G) = c − 1, and Theorems 1.1 and 1.2,
γM (G) = 12
(
n(H)−2
n(H) β + n(H)+2n(H)
)
. Replace n(H) by x + 2 or x , the proof ends. 2
COROLLARY 3.1. Let G be a 2-connected cubic graph with girth g. If g = 2, 3, . . . , 10
and 12, the lower bound of maximum genus of G is 1, β(G)3 + 23 , β(G)3 + 23 , 2β(G)5 + 35 , 3β(G)7 + 47 ,
6β(G)
13 + 713 , 7β(G)15 + 815 , 14β(G)29 + 1529 , 17β(G)35 + 1835 and 31β(G)63 + 3263 , respectively.
PROOF. If g = 2, the graph H is a 2-cycle. γM (G) = 1. G is the necklace. Let C =
(1, 2, 3, . . . , 2n) be a 2n-length cycle. Doubling edges (i, i + 1), (i = 1, 3, 5, . . . , 2n − 1),
we obtain the necklace.
If g = 3, 4, H is obtained by removing an edge of K3,3, and γM (G) = n6 + 1 =
⌈β(G)
3
⌉
.
If g = 5, 6, 8, 9, 10, 12, the cycle ranks of (3, g)-cages are even with order 10, 14, 30, 58,
70, 126, respectively.
If g = 7, the cycle rank of the (3, 7)-cage is odd, which has 24 vertices. 2
Secondly, let condition P be 3-connected and girth g = 3, 4, 5, 6, 7, 8, 9, 10, 12, respec-
tively. For each case of g, we give the lower bound of maximum genus of graphs of SP by the
following theorem.
THEOREM 3.3. Let G be a 3-connected cubic graph with girth g. Let x be the order of a
(3, g)-cage H∗. If β(H∗) = 1, (mod 2), γM (G) ≥ x−22(x−1)β+ x2(x−1) ; if β(H∗) = 0, (mod 2),
γM (G) ≥ x2(x+1)β + x+22(x+1) .
PROOF. The proof is similar to that of Theorem 3.3, the difference is that if β(H∗) is odd,
n(H) = x − 1; otherwise, n(H) = x + 1. The proof is omitted. 2
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COROLLARY 3.2. Let G be a 3–connected 3-regular graph with girth g. If g = 3, 4, . . . ,
10, and 12, then the lower bound of maximum genus of G is β3 + 23 , 3β(G)7 + 47 , 5β(G)11 + 611 ,
7β(G)
15 + 815 , 11β(G)23 + 1223 , 15β(G)31 + 1631 , 29β(G)59 + 3059 , 35β(G)71 + 3671 , and 63β(G)127 + 64127 , respectively.
PROOF. By Theorem 3.3 and the orders of (3, g)-cages, the conclusion follows
immediately. 2
THEOREM 3.4. The lower bound of the maximum genus of a 2-connected 3-regular graph
is equal to that of a 3-connected 3-regular graph.
PROOF. It is trivial. 2
Finally, let P be 1-connected and be the g girth, we then derive the lower bound of maxi-
mum genus of graphs of SP . Let G be a bonded graph of SP . Let A be a minimum odd optimal
edge cut of G. Let Hi be a component of G − A such that |E(Hi ,G)| = i and n¯i be the order
of Hi . By Theorem 2.1, we know that each element of A is a cut edge. After contracting each
component of G− A into one vertex, we obtain a tree. Each Hi is the smallest 2-connected 3-
regular graph with girth g, odd cycle rank and i 2-valent vertices, corresponding to an i-valent
vertex in the tree. H1 can be obtained from a (3, g)-cage by subdividing an edge. Hi (i ≥ g)
is an i-cycle. Only Hi (2 ≤ i ≤ g− 1) needs paying more attention. A tree is a k-regular tree
if the valence of each vertex of the tree is either one or k.
THEOREM 3.5. Let G be a connected cubic graph with girth g. Let H∗ be a (3, g)-cage. If
ξ(G) ≥ 4, when β(H∗) is odd,
γM (G) ≥ min
{
(g − 2)n¯1 + n¯g − 2(g − 1)
2((g − 2)n¯1 + n¯g) β
+2(g − 1)+ (i + 2− g)n¯1 + (g − 1)n¯i − (i + 1)n¯g
2((g − 2)n¯1 + n¯g)
∣∣i = 2, 3, . . . , g.};
when β(H∗) is even, γM (G) ≥ n¯2−22n¯2 β+ 4n¯2 . If ξ(G) = 2, γM (G) ≥
n¯1−2
2n¯1 β+ 1n¯1 ; if ξ(G) = 3,
γM (G) ≥ n¯1+n¯2−42(n¯1+n¯2)β +
n¯1−n¯2+4
2(n¯1+n¯2) .
PROOF. Let G be a bounded graph of SP . Let A be a minimum odd optimal edge cut of
G. Let Hi be a component of G − A such that |E(Hi ,G)| = i and n¯i be the order of Hi .
By Theorem 2.4, Hi are graphs with least odd cycle rank and girth g. Each Hi has i 2-valent
vertices in addition to 3-valent vertices. Hi can be constructed as follows.
If H∗ is a (3, g)-cage with odd cycle rank and maximum genus k. H1 is obtained by sub-
dividing an edge of H∗, and γM (H1) = k; H2 is obtained by adding one more vertex on
some edge of H1, and γM (H2) = k as well; H3 is obtained by removing a vertex of H∗, and
γM (H3) = k−1; . . . , and H j ( j ≥ g) is a cycle of length j , and γM (H j ) = 0. Let ni , n¯i be the
number and the order of Hi of G − A. It is easily seen that γM (G) =∑ci=1 niγM (Hi ). When
γM (G) takes its minimum value, (((G/H1)/H2)/ . . . /)Hc is nearly a g-regular tree, i.e., at
most one vertex with valence i , (1 < i < g). Hence, n = 2(β − 1) = n1n¯1 + ni n¯i + ng n¯g ,
ξ = c = n1 + ni + ng , and 2(c − 1) = n1 + ini + gng . Replacing ni = 1, c =
g−1
(g−2)n¯1+n¯g
(
2(β − 1) + (1 − i+1g−1)n¯1 − n¯i + i+1g−1 n¯g). By Theorems 1.1 and 1.2, γM (G) is
obtained.
For the cases that β(H∗) is even and c = 2, 3, the tree is a path; the proofs are similar, and
are omitted. 2
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COROLLARY 3.3. Let G be a connected cubic graph. If the girth of G is 3, 4, 5, 6, 7, 8,
9, 10 and 12, then the lower bound of maximum genus of G is β+24 , β+23 , 2β+25 , 3β+27 , 5β+211 ,
7β+2
15 ,
14β+2
29 ,
17β+2
35 , and
32β+2
63 , respectively.
PROOF. If g = 3, H1 is the graph obtained from the (3, 3)-cage K4 by subdividing one
edge by a vertex. H2 is the graph derived from K4 by adding two vertices on some edges. Hi
are i-cycles (i ≥ 3). Then n¯1 = 5, n¯2 = 6, and n¯i = i . The minimum value of γM (G) = β+24
is obtained. The tree is a 3-regular tree.
The case of g = 7 is similar to that of g = 3 so we omit it.
If g = 4, K3,3 is a (3, 4)-cage, and β(K3,3) is even. Then H1 is obtained by subdividing an
edge of a cube or a Mobius ladder of order eight, and n¯1 = 9. H2 is obtained from K3,3 by
deleting an edge, and n¯2 = 6. H3 is obtained by deleting a vertex of a cube, and n¯3 = 7. In
addition, Hi are cycles of length i , n¯i = i , (i ≥ 4). The minimum value of γM (G) = β+23 is
obtained. The tree is a path.
For the cases of g = 5, 6, 8, 9, 10, 12, the proofs are similar to that of the case g = 4, and
are omitted. 2
4. GENERAL GRAPHS
The lower bounds of the maximum genera of general graphs have the same lower bounds
as those of 3-regular graphs. Let G be a graph of SP with some vertices of valence greater
than three. Split them whilst maintaining connectivity until we obtain a cubic graph H . The
maximum genus and girth of G are not less than those of H . Their cycle ranks are equal. Then
the lower bound of maximum genus of a 3-regular graph is also that of a general simplicial
graph. As was done in [1], we summarize them in the following table according to the specific
girth and connectivity.
1-connected 2-connected 3-connected infinitely tight
g = 3 β+24 β(G)3 + 23 β3 + 23 yes
g = 4 β+23 β(G)3 + 23 3β(G)7 + 47 yes
g = 5 2β+25 2β(G)5 + 35 5β(G)11 + 611 yes
g = 6 3β+27 3β(G)7 + 47 7β(G)15 + 815 yes
g = 7 5β+211 6β(G)13 + 713 11β(G)23 + 1223 yes
g = 8 7β+215 7β(G)15 + 815 15β(G)31 + 1631 yes
g = 9 14β+229 14β(G)29 + 1529 29β(G)59 + 3059 yes
g = 10 17β+235 17β(G)35 + 1835 35β(G)71 + 3671 yes
g = 12 31β+263 31β(G)63 + 3263 63β(G)127 + 64127 yes
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